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Diamond Theory

32 sources

These sources primarily discuss Steven H. Cullinane's Diamond Theorem, which establishes a profound
connection between 4x4 two-color tile patterns and finite projective geometry, specifically PG(3,2). The
thearem highlights that despite numerous transformations, these patterns always exhibit some form of
symmetry, with their 35 distinct configurations directly correlating to the 35 lines of PG(3,2). Furthermare, the
texts explore how this theorem links to other complex mathematical structures such as the Miracle Octad
Generator (MOG), the Mathieu group M24, and the concept of orthegonal Latin squares, demonstrating
how seemingly simple designs reveal deep algebraic and geometric underpinnings. The applications of this
work extend to diverse fields including graphic design, quilt patterns, coding theory, and computational
puzzles, illustrating the interwoven nature of geometry, algebra, combinatorics, and visual art.
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Discuss Square Model.

The Square Model refers to a mathematical framework developed by Steven H. Cullinane, most notably
exemplified by the Cullinane Diamond Theerem 1 ... . This model explores the profound connections
between seemingly simple visual patterns, often arranged in a 4x4 square, and deep, abstract
mathematical structures, particularly in finite geometry and group theory 1

Core Concept: The Four-Diamond Figure and Transformations

The Cullinane Diamond Thearem, which embodies the Square Model, begins with a 4x4 array of 16 tiles,
each diagonally divided into two colors (e.g., black and white) 4 .. . This initial arrangement is known
as the "four-diamond figure D" 4

A transformation group G acts on this figure 4 .. . This group is formed by all possible compositions
of permutations of the rows, columns, and the four 2x2 quadrants of the array 4 .. . The group G is
remarkably large, with an order of 322,560 distinct permutations 4

The Cullinane Diamond Theorem's Assertion

The central statement of the Cullinane Diamond Theorem is that every "G-image” of D (any pattern
resulting from applying a transformation from group G to the initial figure D) will exhibit some form of
symmetry 10 .. .This symmetry can be either ordinary (geometric), such as reflectional or rotational
symmetry, or color-interchange symmetry, where swapping the two colors results in an identical
pattern 20

Despite the large number of transformations, only 840 distinct visual patterns are generated 26
These 840 patterns naturally fall into 35 distinct combinatorial structures or equivalence classes 26

Connection to Finite Projective Geometry (PG(3,2))

A key aspect of the Square Model is its deep connection to finite projective geometry, specifically the
projective 3-space over the field with two elements, PG(3,2) 4

+ Isomorphism with PG(3,2) Lines: The 35 combinatorial structures arising from the G-images of D
are isomorphic to the 35 lines of PG(3,2) 26

+ Line Diagrams: This correspondence is formalized through line diagrams, which visually encode the
points and lines in PG(3,2) 37 .. .Each 4x4 pattern can be decomposed into a set of three line
diagrams, each representing a partition of four tiles a7

+ Binary Addition (XOR): The lines in these diagrams can be “added" using binary addition (XOR),
where each three-set of line diagrams sums to zero a7

+ Points of PG(3,2): There are 15 points and 35 lines in PG(3,2) s2 .. .The 15 possible line diagrams
resulting from permutations can be regarded as these 15 points 38

Group Theory and Related Structures

The transformation group G is isomarphic to the affine group AGL(4,2), which is the group of all
invertible affine transformations on a 4-dimensional vector space over GF(2) 12

The Square Model also establishes profound connections to other advanced mathematical structures:

» Miracle Octad Generator (MOG): The underlying geometry of the 4x4 patterns is closely related to R.
T. Curtis's Miracle Octad Generator (MOG), a combinatorial tool used to study the Mathieu group M24
and the Steiner system S(5,8,24) s .. .The 35 square patterns within the MOG correspond to
partitions of an 8-set into two 4-sets, directly linking to the 35 lines of PG(3,2) &4

+ Latin-Square Orthogonality: In the context of the Square Model, the combinatorial property of
orthogonality between Latin squares (specifically 4x4 Latin squares) corresponds to the geometric
property of skewness between lines in PG(3,2) 34 .. .This provides a "dictionary” between abstract
algebraic combinatorics and finite geometry 82 93.

» Diamond Rings: The G-images of D can generate an ideal of 1024 patterns within a larger ring of
4096 symmetric patterns 29 ... . There is an infinite family of such “"diamond” rings, which are
isomorphic to rings of matrices over GF(4) 34

» Walsh Functions: The binary and combinatorial structures underlying the theorem, particularly the
arrangement and addition of line diagrams via XOR, reflect the symmetry considerations in the
construction of Walsh functions, which are used in digital signal processing and discrete harmonic
analysis 84

Applications and Broader Impact

The Cullinane Diamond Thearem, as an instantiation of the Square Model, has wide-ranging applications
and implications:

+ Graphic Designs and Quilt Symmetry: It originated from cbserving symmetries in traditional quilt and
graphic patterns, explaining why certain motifs exhibit pervasive symmetry even under transformations
1

+ Leech Lattice and Sphere Packings: Through its connection to the MOG and the binary Golay code,
the theorem's structures contribute to understanding the symmetrical arrangements for the Leech
lattice, which provides the densest sphere packing in 24 dimensions &5

+ Experimental Design: The correspondence between Latin square orthogonality and skew lines in
PG(3,2) offers new perspectives for constructing mutually orthogonal Latin squares (MOLS), which are
crucial in statistical experimental design &3

- Computational Visualizations: Its explicit geometric and combinatorial nature makes it suitable for
interactive exploration through tools like the "Diamond 16 Puzzle," which allows users to manipulate the
dx4 arrays and observe symmetries in real-time &9

In summary, the Square Model, particularly through the Cullinane Diamond Theorem, reveals an intricate
tapestry where finite geometry, group theory, combinatorics, matrix theory, and visual art are
tightly interwoven, demonstrating how abstract mathematical principles underpin visible patterns and
have far-reaching applications across various scientific and artistic domains 1 ... . Cullinane has also
published directly on "The Square Model of Fano's 1892 Finite 3-Space,” indicating a broader exploration
of sguares as models for finite geometry 2 .

I savetonote i[J i) ca

How does Cullinane's Diamond Theorem exemplify the interconnectedness of diverse
mathematical fields?

The Cullinane Diamond Thearem, developed by Steven H. Cullinane, stands as a prime example of the
interconnectedness of diverse mathematical fields, revealing profound relationships between seemingly
simple visual patterns and complex abstract structures 1 .. . It bridges concepts from finite
geometry, combinatorial design, matrix theory, group theory, ring theory, coding theory, lattice
theory, discrete harmonic analysis, and visual art 1

Here's how the theorem exemplifies this interconnectedness:
1. Finite Geometry and Combinatorics:

= The theorem centers on a 4x4 array of diagonally split two-color tiles, known as the "four-
diamond figure” (D) 15

= A group of 322,560 permutations (G), formed by combinations of row, column, and 2x2 quadrant
permutations, acts on this figure 1s

= Despite this vast number of transformations, every resulting "G-image” of D exhibits some form
of ordinary or color-interchange symmetry 19

= These transformations produce 840 distinct patterns, which naturally fall into 35 distinct
equivalence classes or combinatorial structures 28

= Crucially, these 35 combinatorial structures are isomorphic to the 35 lines of the finite
projective 3-space over the field with two elements, PG(3,2) 24 .. . This establishes a direct link
between visual patterns and a fundamental geometric structure 38 39.

= This connection is formalized through “line diagrams,” which visually encode the points and lines in
PG(3,2) 32 ...The 15 possible line diagrams correspond to the 15 points of PG(3,2) 42 .. .The "binary
addition” (XOR) of three line diagrams always sums to zero, mirroring the closure property of lines in
finite projective geometry 32

2. Group Theory:

= The transformation group G is isomorphic to the affine group AGL(4,2), the group of all invertible
affine transformations on a 4-dimensional vector space over GF(2) 32 .. .Its order is 322,560 18

= The theorem’s analysis links the visual and combinatorial structure of the 4x4 arrays to the highly
symmetric structure of PG(3,2), and, by extension, to the Steiner system S(5,8,24) and the Mathieu
group M24 s1

= The theorem establishes a deep connection to R. T. Curtis’s Miracle Octad Generator (MOG), a
combinatorial tool for studying the Mathieu group M24 36 ... . The 35 square patterns in the MOG
correspond to partitions of an 8-set into two 4-sets, directly linking to the 35 lines of PG(3,2) &

= The symmetry group G of the diamond theorem figures is the octad stabilizer subgroup of M24, a
sporadic simple group known for its exceptional symmetries 71 ... . This connection places the theorem
within the abstract world of advanced group theory and the classification of finite simple groups 75

3. Combinatorial Design (Latin Squares):

= The theorem reveals a direct correspondence between orthogonality of Latin squares and
skewness of lines in PG(3,2) 49 .. .Two Latin squares are orthogonal if, when superimposed, every
ordered pair of symbols appears exactly once 45 .. . In PG(3,2), two lines are skew if they do not
intersect 49 .. . Cullinane demonstrated that these concepts correspond, providing a “dictionary”
between abstract algebraic combinatorics and finite geometry 83 86 . This insight has implications for
experimental design &7 88 .

4. Algebra (Ring Theory, Finite Fields, Matrix Theory):

= The theorem shows that the G-images of D can be endowed with additive and multiplicative
structures, forming an ideal of 1024 patterns within a ring of 4096 symmetric patterns 8o

= This structure generalizes to an infinite family of "diamond” rings, which are isomorphic to rings
of matrices over GF(4) 8o .. . This links the geometric and combinatorial patterns to the powerful
machinery of abstract algebra.

= The proof itself utilizes decomposition technigques for functions into finite fields, benefiting both
abstract theory and applied mathematics like cryptography &4

5. Coding Theory and Lattice Theory:

= Through its connection to the MOG and the Steiner system 5(5,8,24), the theorem is related to the
binary Golay code, a powerful error-correcting code used in applications like deep space probes 7s

= The symmetries and structures highlighted by the diamond theorem also relate to the Leech lattice,
which provides the densest sphere packing in 24 dimensions and features vast symmetry groups 12
Walter Feit described the Leech lattice as "a blown up version of 5(5,8,24)" &4

6. Discrete Harmonic Analysis:

= The combinatorial and binary structures underlying the diamond theorem, such as the binary XOR
addition of line diagrams, reflect the symmetry properties of Walsh functions. These functions form
a complete orthogonal system used in digital signal processing and coding theory &g

7. Visual Arts and Computational Tools:

= The theorem was originally motivated by the symmetries found in traditional quilt and graphic
patterns 1 _. . It provides a mathematical framework for understanding why these folk designs exhibit
pervasive symmetry 105 109 .

= Its explicit geometric and combinatorial nature makes it ideal for computational visualizations and
interactive puzzles, such as the "Diamond 16 Puzzle,” which offers pedagogical value in teaching
symmetry and combinatorics 14

In summary, the Cullinane Diamond Theorem acts as a nexus, transforming the study of elementary
patterns into a gateway for exploring profound mathematical concepts across geometry,
combinatorics, group theory, algebra, coding theory, and lattice theory, and even demonstrating
connections to visual arts and practical applications 2 .. . It illustrates that underlying seemingly
simple designs lies a rich tapestry of mathematical logic and interconnected structures 118
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