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What is the "brick space" model of PG(5,2)?

The "brick space” model is not a standard term in the context of PG(5,2), so I'll assume you're referring to
a conceptual or visual representation of the projective geometry PG(5,2), which is the 5-dimensional
projective space over the finite field with 2 elements (GF(2]). Let's break this down clearly and explore
what it might mean.
PG(5,2) is a finite geometry where points, lines, planes, and higher-dimensional subspaces are defined
over GF(2), the field with elements {0, 1}. In projective geometry, points are represented by equivalence
classes of non-zero vectors in a vector space, modulo scalar multiplication. For PG(5,2), we start with a
&-dimensional vector space over GF(2) (since the projective dimension is one less than the vector space
dimension), and points are the 1-dimensional subspaces (i.e., lines through the origin in W(6,2), excluding
the zero vector).
Key Properties of PG(5,2):
s Points: The number of points in PG(5,2) is calculated as the number of non-zero vectors in (5,2,
divided by the number of non-zero scalars in GF(2). There are 25 = 64 vactors in V(6,2), one of which
is the zero vector, leaving 63 non-zero vectors. Since GR(2) has only one non-zero scalar (1), the

number of points is 63/1 = 63.

= Lines: Aline in PG(5,2) corresponds to a 2-dimensional subspace of V(8,2), and contains 3 points

(computed as (22 - 13/(2 - 1) = 3).

+ Subspaces: PG(5,2) includes subspaces of dimensions O {points), 1 (lines), 2 (planes), 3, 4,upto 5
(the entire space). The total number of k-dimensional subspaces can be computed using the
Gaussian binomial coefficient.

"Brick Space” Interpretation:

The term "brick space” might be an informal or metaphorical way to describe the structure of PG(5,2),
possibhy visualizing its points and subspaces as a combinatorial or tessellated arrangement. In finite
geometry, points and subspaces can sometimes be represented in a block-like or drid-like fashion for
lower dimensions (g.g., the Fano plane for PG(2,2)), and "brick space” could suggest a higher-
dimensional analogue. Here's a possible interpretation:

» Bricks as Subspaces: Imagine "bricks" as the basic building blocks—perhaps the points (63 of
them) or the lines (G v o et 1 onesey DEE S50 e e i via Sombinatorial formulas),

and these could be thought of as "bricks" stacking or interlocking to form the space.

= Tiling or Packing: In some geometric models, points and planes might be arranged like a lattice or
tiling. For PG(5,2), with its 63 points and highly symmetric structure (governed by the deneral linear
group PGL{5,2)}, one might visualize a "brick-like" packing of its 3-dimensional or 4-dimensional
subspaces.
Mathematical Structure:
To be precise, PG(5,2) has:
= 63 points.

* 651 lines (each with 3 points).
+ 5,593 planes (each with 7 points, since PG(2,2) has 7 points).

s Atotal of 26 - 1= 63 non-empty subspaces when considering the full structure.
If "brick space” refers to a specific model (e.g., from a textbook, paper, or lecture), it might be a simplified
combinatorial representation, like a graph or incidence structure, where points are nodes and lines/
planes are edges or blocks. Without more context, I'll assume it's a heuristic for understanding this finite
projective space.
Final Answer:
The "brick space” model of PG(5,2) is likely a conceptual or visual analogy for the 5-dimensional
projective geometry over GF(2), which has 83 points, 651 lines, and a rich structure of subspaces. It may
refer to a way of imagining its points and lines (or higher subspaces) as "bricks” that build the space,
possibly emphasizing its combinatorial or tiled nature. If you meant a specific construction or diagram,

please clarify, and I'll refine the explanation!
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There is a diagram of the "brick space." See attached imagde.
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The diagram you've provided from the webpage titled "The Yellow Brick Road to the Miracle Octad
Generator; with Conwell's Heptads" illustrates the concept of "brick space” within the context of
projective geometry, specifically PG(5,2), which is the 5-dimensional projective space over the field with
2 elements (GF(2)). Here's a detailed breakdown based on the image:
Diagram Explanation:

1. Components of the Diagram:

o Left Side:

= There are 28 points off the Klein quadric represented by grids with some cells shaded in

blue.

o Middle Section:
= The 35 points of the Klein quadric are shown, which are added to the 28 points off the Klein
guadric. This section shows grids with additional yellow shading.
o Right Side:
= The result of adding these points together to form the 63 points of PG(5,2), represented by
grids with blue and yellow shading combined. This section also includes the 8 Conwell

heptads (each heptad represented as a column).

2. Mathematical Context:
= PG(5,2): As mentionad, this is the projective 5-space over GF(2), which has 2% — 1 = 63 points
(since points in projective space are equivalence classes of non-zero vectors, excluding the zero

wvector).

o Klein Quadric: A specific geometric structure within PG(5,2) that can be visualized in this
context as a subset of points with particular properties. Here, it's shown as contributing 35

points.

o Conwell Heptads: These are subsets of 7 points (heptads) in this geometry, named after

Conwell, and are visually represented in columns on the right side.

3. Visual Representation:

o The "brick space" metaphor likely comes from the way these points and subspaces are arranged
in a drid-like or block-like fashion, similar to bricks in a wall. Each grid represents a configuration
of points or subspaces within this projective space, and the combination of different colored
shadings (blue, yellow) helps to distinguish different sets or properties of points.

4, Purpose of the Diagram:

o This diagram is part of an exploration of the Miracle Octad Generator (MOG) by R. T. Curtis,
where the Klein quadric serves as a background. The MOG is a structure used in the study of
combinatorial designs and has applications in finite group theory, particularly with the Mathieu
groups. The diagram visually aids in understanding how these points and heptads relate to each

other within this geometric framework.

5. Additional Notes:

o The note at the bottom mentions that 28 + 35 = 63, which matches the total number of points in
PG(5,2).
o The mention of heptads being added on December 31, 2024, indicates updates or additions to
the original concept or visualization.
This diagram, therefore, serves as a visual aid to understand the structure of PG(5,2) in terms of its
points, subspaces, and specific combinatorial designs like the Conwell heptads, all within the context of
the Miracle Octad Generator. It's an advanced mathematical visualization, combining geometric and

combinatorial aspects in a way that's accessible to those familiar with these concepts.
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